Abstract. In this paper we give some branching rules for the fundamental representations of Kac-Moody Lie algebras associated to T -shaped graphs. These formulas are useful to describe generators of the generic rings for free resolutions of length three described in [18]. We also make some conjectures about the generic rings.
Introduction
Let T p,q,r be a T -shaped graph defined as follows. There are two other notations for vertices that we will be using. Sometimes the indices will be indexed by the set {0, 1, . . . , p − 1, 1 ′ , . . . , (q − 1) ′ , 1 ′′ , . . . , (r − 1) ′′ } corresponding to the vertices u, x 1 , . . . , x p−1 , y 1 , . . . , y q−1 , z 1 , . . . , z r−1 respectively. Sometimes we denote vertices by natural numbers from [1, p + q + r − 2], in the order listed above.
The main result of [18] associates to every graph T p,q,r the format of free resolutions of length three over commutative rings, and constructs a particular generic ringR gen for the resolutions of that format on which the Kac-Moody Lie algebra g(T p,q,r ) associated to T p,q,r acts. The correspondence is as follows. For the free resolutions of format (r 1 , r 1 + r 2 , r 2 + r 3 , r 3 ), i.e. those with the ranks of differentials given by (r 1 , r 2 , r 3 ), we have (p, q, r) = (r 1 + 1, r 2 − 1, r 3 + 1).
In this context it is important to consider the grading on g(T p,q,r ) associated to the simple root corresponding to the vertex z 1 ; more precisely restrictions of these representations to the Lie subalgebra of g(T p,q,r ) corresponding to the graph we obtain from T p,q,r by omitting the vertex z 1 .
In this note we calculate these restrictions. Note that the graph T p,q,r with the node z 1 removed is a disjoint union of two Dynkin graphs of types A p+q−1 and of type A r−2 . We denote these Lie algebras by sl(F 1 ) and regarding the material of this paper.
The free resolutions of length 3 and Kac-Moody algebras related to T -shaped graphs
The problem motivating calculations presented in this note has to do with generic rings for finite free resolutions.
We consider the free acyclic complexes F • (i.e complexes whose only (possible) nonzero homology group is
For the resolutions of such format (f 0 , f 1 , f 2 , f 3 ) we say that a pair (R gen , F gen • ) where R gen is a commutative ring and F gen • is a free acyclic complex over R gen is a generic resolution of this format if two conditions are satisfied:
(2) For every acyclic free complex G • over a Noetherian ring S there exists a ring homomorphism φ :
Of particular interest is whether the ring R gen is Noetherian, because it can be shown quite easily that a non-Noetherian (non-unique) generic pair always exists. For complexes of length 2 the existence of the pairs 
The generic ringR gen deforms to a ringR spec which carries a multiplicity free action of g(T p,q,r )×gl(F 2 )×gl(F 0 ), where f 3 = r − 1, f 2 = q + r, f 1 = p+ q, r 1 = p− 1. If the defect Lie algebra L(r 1 + 1, F 3 , F 1 ) is finite dimensional, then the generic ringR gen is Noetherian.
It is natural to call the format (f 0 , f 1 , f 2 , f 3 ) Dynkin if the diagram T p,q,r is a Dynkin graph. The ringsR gen have an explicit decomposition to representations of 3 i=0 GL(F i ) which we now describe.
For a sextuple µ = (a, b, c, α, β, γ) with a ≥ 0, where α is a partition with ≤ r 3 − 1 parts, β is a partition with ≤ r 2 parts and γ is a partition with ≤ r 1 − 1 parts, we define
The Buchsbaum-Eisenbud multipliers ring has a decomposition
For given α, β, t we define the weight λ(σ, τ, t) of g(T p,q,r ) as follows. We label the vertices of T p,q,r on the third arm by the coefficients of fundamental weights in σ, i.e.
for i = 1, . . . , r − 2. We also label the vertices at the center and the first two arms by coefficients of fundamental weights in τ , i.e.
for 1 ≤ i ≤ p − 1, and
Finally we set t := a + 1.
Then we have ([18], Proposition 9.3)
where V λ is the irreducible lowest weight module of weight λ for g(T p,q,r ). The module V λ is the highest weight representation for the opposite Borel subalgebra. It is also irreducible. The ringR gen has a decomposition as a representation of
where res denotes the restriction from g(T p,q,r ) to gl(
Let us denote by W (µ) the isotypic component
is equipped with the grading
induced by the grading
Notice that the graded summand W (µ)(0) gives the corresponding summand in R a .
One also has the description of the generators ofR gen ([18], Proposition 10.1).
Proposition 2.3. The generators of the semigroup of weights inR gen are as follows:
The ringsR spec andR gen are generated by the corresponding representations W (µ).
In fact we expect that the ringR gen is generated by much smaller set of representations (see [19] for motivation).
Conjecture 2.4. The ringR gen is generated by the six representations W (µ) corresponding to the following weights.
(
For the formats with r 1 = 1, i.e. resolutions of cyclic modules, we actually have even stronger expectation.
Conjecture 2.5. Let us assume that r 1 = 1. The ringR gen is generated by the four representations W (µ) corresponding to the following weights.
Moreover, the first representation is redundant if r 3 = 1, and the second one is redundant if r 3 > 1. The last representation is just a variable a 1 , so it is completely understood.
Particularly important are three critical representations. The first one is the one corresponding to α = (1),
All representations W (µ) have a grading
So in order to understand the generators ofR gen in the case r 1 = 1 we need to understand the restrictions to gl(F 3 ) × gl(F 1 ) of three fundamental representations of g(T p,q,r ) corresponding to extremal nodes of the diagram T p,q,r . This is carried out case by case in the following sections.
We end with some remarks about the tables. For each situation we list the representations in graded com- 
The type D n
The first format is (1, n, n, 1). The graph T p,q,r is
We number the vertices as follows:
The Lie algebra g(
The next format is (1, 4, n, n − 3). The graph T p,q,r with the distinguished root z 1 and the labeling of the vertices are as follows:
. . .
• 2
• 1 The corresponding Lie algebra is g(T p,q,r ) = so(2n).
The orthogonal space in question is
with dim F 3 = n − 3 and dim F 1 = 4. We have
Finally we have the format (n − 3, n, 4, 1). The graph T p,q,r is
. This representation is of dimension 912 and has 10 graded components. . This format is (1, 6, 7, 2).
. There are 5 graded components.
. There are 7 graded components.
0 F 3 (0,-1) (0,0,0,0,0,0) 1
. We have 9 graded components. 2,2,2,1 F 1 (2,2) (2,2,2,2,1,0) 
3. E 7 graded by α 2 . This format is (2, 7, 6, 1).
. There are 4 graded components. 
. There are 8 graded components.
0 C (0,0,0,0,0,0,0) 1 (1, 5, 8, 4) .
This representation is of dimension 248 and has 11 graded components.
0 F 3 (0,0,0,-1) (0,0,0,0,0) 1 16 S 4 4 F * 3 ⊗ S 7,6 4 F 1 (4,4,4,4) (7,6,6,6,6) 1
. This representation is of dimension 147250 and has 25 graded components. We exhibit the first 13, as the others can be determined by duality. (The representation is graded self-dual.)
This format is (1, 7, 8, 2) .
There are 9 graded components.
. There are 21 graded components. We exhibit the first 11. The others can be found by duality. 1) (1,1,1,1,1 ,0,0) 1
. There are 17 graded components. We present the first 9. The others can be filled by duality.
0 C (0,0,0,0,0,0,0,0) 1 2,2,1,1,1 ,0,0) 1 1,1,1,1,1,1,1 
Some patterns and observations
In this section we observe some general patterns. They will form a basis for a conjecture.
Proposition 7.1. Let us restrict to the formats of resolutions of cyclic modules, i.e. p = 2. Then the tensors giving the first graded components of three critical representations are:
gives the tensor of multiplicative structure 
